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Abstract

For any graph G, let V(G) and E(G) denote the vertex set and edge set of G
respectively. The Boolean function graph B(K_p, L(G), NINC) of G is a graph with vertex set

V(G)UE(G) and two vertices in B(K_p,L(G), NINC) are adjacent if and only if they

correspond to two non adjacent edges of G or to a vertex and an edge not incident to it in G.
For brevity, this graph is denoted by B3(G). In this paper, edge domination numbers of
Complement of Boolean Function Graph B(K;, L(G), INC) of some standard graphs and
corona graphs are obtained.
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1. Introduction

Graphs discussed in this paper are undirected and simple graphs. For a graph G, let V(G) and
E(G) denote its vertex set and edge set respectively. A graph with p vertices and q edges is
denoted by G(p, q). A subset F < E(G) is called an edge dominating set of G, if every edge
not in F is adjacent to some edge in F. The edge domination number y'(G) of G is the
minimum cardinality taken over all edge dominating sets of G. The concept of edge
domination was introduced by Mitchell and Hedetaiemi[8] and it was studied by Arumugam
and Velammal[1]. Complementary edge domination in graphs is studied by Kulli and Soner
[7] Jayaram[6]studied the line dominating sets and obtained bounds for the line domatic
number. The corona Gi10 G2 of two graphs Gi and Gz is defined as the graph obtained by
taking one copy of Gi (which has p1 vertices) and p: copies of Gz, and then joining the i

vertex of Gi to every vertex of in the i copy of Gz. For any graph G, GoK( is denoted by G*.
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An edge dominating set F of is called a connected edge dominating set of G, if the induced
subgraph (F) is connected. The connected edge domination number v.'(G) of G is the
minimum cardinality taken over all connected edge dominating sets of G.

Janakiraman et al., introduced the concept of Boolean function graphs [3 - 5]. For any

graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively. The Boolean
function graph B(K_p,L(G), NINC) of G is a graph with vertex set V(G)UE(G) and two

vertices in B(Kp, L(G), NINC) are adjacent if and only if they correspond to two non
adjacent edges of G or to a vertex and an edge not incident to it in G. For brevity, this graph
is denoted by B3(G).
In this paper, edge domination numbers of Complement of B(Kp, L(G), INC) of some
standard graphs are obtained.
2. Prior Results
Observation 2.1. [5]

Let G be a graph with p vertices and g edges.

1. If G has p vertices, then the complete graph on p vertices is an induced subgraph of
B5(G). Also L(G) is an induced subgraph.

2. The degree of a vertex ve V(G) in B;(G) is p-1+degs(v) and the degree of a vertex '
of L(G) in B;(G) = degi(s)( €')+2 and hence A(B;(G)) = p-1+ A(G) and 8(B5(G)) =
8'(G) + 2, where 8'(G) = 3(L(QG)).

3. Bs(G) is a connected graph, for any graph G.

3. Main Results

In the following, edge domination numbers of B;(P,), B;(C,) , B3(K;,) and corona
graphs are found and the bounds are obtained.

Theorem 3.1: For the Path Pn on n (n = 3) vertices, y (B,(P,)) = n- 1.

Proof: Let vi, V2, ..., Vo be the vertices and e1, ez, ..., en1 be the edges in Pn, where

e = (Vi Visr) 1 =1, 2, ..., n-1. Then vi, vz, ..., Vn, €1, €2, ..., €n1€ V(B;(P,)). B3(P,) has 2n-1

n-1
vertices and ((n?+ 5n-8)/2) edges. Let D’ = U{(v i, €)}. Then D'C E(B5(P,)). Each edge in

i=1
V(B,(P,)) - D" adjacent to atleast one edge in D'. Therefore, D' is an edge dominating set of

B;3(P,) . Hence, y'(B;(P,)) < [D"[= n- 1. Let D" be an edge dominating set of B3(P,) . To
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dominate edges of the form (vi, &), (i = 1, 2, ...., n-1) and (Vi+1, €), i = 1, 2, ..., n-1. D"
contains atleast (n-1) edges. These (n-1) edges dominate edges of K, and L(Pn) inB;(P,,).
Therefore, [D"| = n-1. Hence, y '(B,(P,)) = n- 1.

Remark:

1.y ’(]33(—Cn)) =n,n >4

2. sz n,n >3.

Theorem 3.2: For the path Py on n (n > 3) vertices, y '(Bg(—Prf)) = 2n-1.

Proof: Let V(Pn*) = {v1, V2, ... Vn, Uz, Uz, ... Un}, Where v1, V2, ... vy are the vertices of P, and
Uz, Uz, ..., Un are the pendant vertices of Py" and ei = (vi, vi+1) i =1, 2, ..., n-1 and fi = (vi, ui),

i=1,2,...., n be the edges of Py" . Then vi, vz, ... Vn, Uz, U2, ... Un, €1,€2, ..., €n-1, 1, T2, ..., Tne

V(B;3(Py). Bs(P;) has 4n-1 vertices and (2n? + 6n - 6) edges.

Let F1 = Dl{(v i, é)}and F2 = LHJ{(U i, fi)} and let D' = FaU Fac E(B3 (Py)).

i=1 i=1
ID'| =n-1+ n = 2n-1. F; dominates edges of L(Pn) and edges of the form (e;, fi), 1=1,2, ..., n-
1and (e, fiss), i = 1, 2, ..., n-1. F1U F2 dominates edges of Kan.1 in B3(Py) . Therefore, F is an
edge dominating set of B3(P,) and as in Theorem 1, F is minimum. D' is a minimum edge

dominating set of B;(P;) . Hence, » '(B;(Py)) = 2n- 1.
Remark: y'(B,(C,))=2n, n>4.

Theorem 3.3: For the star K10 on n+1 vertices, y (By(Kj,)) = 2n+1,n>3.

Proof: Let V(K1,n") = {v, V1, V2, ... Vn,U, Uz, Uz, ... Un}, Where v is the central vertex and < {v,
V2, ... Vn}> =Ky, and ug Uz, ..., Un are the pendant vertices of Kin" and e = (v, vi) i =1, 2, ...,

nand f= (v, u), fi = (vi, ui) i=1, 2, ...., n be the edges of Kin" . Then v, vi, V2, ... V, U, Uz, Uy, ...

Un, €1,€2, ..., en, 1, 2, ..., fae (B3 (K] ). Bs(K{,) has (4n+1) vertices and ((5n® +15n+4)/2)

edges.

Let F1 = Ui, {(vi, u)} F2= UL {(e;, f)}and Fs={(v, N)}.
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Let D’ = F1U FoU Fsc E(B3(K7 ). [D] = n+ n+1 = 2n+1. F1U F3 dominates all the edges of
Ko2n +2 induced by v, v, ..., Vn, U, Uy, ..., Un and edges of the form (vi, &i), (vi, fi), (ui, fi) (i =1,
2, ..., n) and (u, f). F2 dominates the edges of L(K1"). Therefore, F is an edge dominating set

ofm and is minimum. Hence, }/'m =2n+1, n >3.
Theorem 3.4: Let G be a (p, q) graph with p>3. Then

(i) 7 '(B;(G)) <v'(Kp) +v'(L(G)).

(i) ¥ '(B,(G)) <max (p, q), if § (G) > 1.

Proof:

(i) Since Kp and L(G) are induced subgraphs of B3(G), » '(B;(G)) < v'(Kp) + y'(L(G)).
(i) Case Ll: p>q.

Since 6 (G) >1, G has no isolated vertices and each vertex in G is incident with atleast one

edge in G.
Let vi, Vo, ..., Vp be the p vertices of G and e; be incident with vi, fori=1, 2, .., p.

Then (vi, ei) € E(B3(G)), i = 1,2, ..., p and {(vi, &)/ i=1,2, ...,p} is an edge dominating set of
B3(G) and y '(B;(G)) < p.

Case2:p<aq.

Let ey, €2, ..., €q be the edges in G and v;j be incident with gj, j = 1,2, ...,q.

Then {(vi, &)/ i=1,2, ...,q} is an edge dominating set of B;(G) and y 'm <q.
Therefore, y ’m < max(p, q).

In the following, the graphs for which » ’m =1, 2 (or) 3 are characterized.

Observation 3.1: y '(B,(G)) = 1 if and only if G is one of the following graphs: 2K, 3Kz, Kz
and Kz U K.

Theorem 3.5: »'(B,(G)) = 2 if and only if G is one of the following graphs: Ps, Cs, 4K,
KaoU 2K1, PsU K1, 2Kz, 5K1, K2 U 3K1and 2Kz U K.
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Proof:

Case 1: G contains no isolated vertices.

If G contains C4 as a subgraph, then » '(B,(G)) > 4, since y (B,(Cy)) = 4.

If G contains K13 as a subgraph, then y (B,(G)) > 3, since » '(B,(K| 3)) = 3.
If G contains P4 as a subgraph, then » '(B,(G)) > 3, since » '(B,(P,)) = 3.

Therefore, G is one of the graphs Kz, Ps, Cs, 2Kz and P3 U K. But, »'(B,(K;)) = 1 and
7 '(B4(P3UK,)) = 3. Hence, G = P3, Cs (or) 2Ko.
Case 2: G contains isolated vertices.

If G = nKi,n =6, then y'(B,(G)) = 3, since K¢ is an induced subgraph of B;(G) and

7 '(Ke) = 3. If G = 2Ky (or) 3Ky, then y '(B,(G)) =1.Therefore, G= 4K (or) 5Ki.

Let G be not totally connected. Then G contains atleast one edge and 6 (G)>0. IfG=Kz U
mMKz1, m >4 (or) P3 U Ky, 2Kz U nK; for n > 2, then y '(B;(G)) = 3.Therefore, G = Kz U 2Ky,

Kz U 3Ky, PsU Ki (0r) 2Kz UKy, If G = C3 U Ky, then y (B,(G)) = 3.

From Case 1 and Case 2, G is one of the following graphs: P3, Cs, 2K> , 4Ky, 5K1, K2 U 2Kj,
K2U 3K, Pz U Ki and 2KUK: . Conversely, if G is one of the graphs given above,
7'(B;(G)) = 2.

In the same way, the following theorem can be proved.

Theorem 3.6: y'(B,(G)) = 3 if and only if G is one of the following graphs: 6Kz, 7K1, Kz U
4K1, KoU 5K1, P3 U 2K1, C3 UK1, C3 U2K1, P4 U K1, K13 U Ki, Ps U Kz, Ps, K13 and K4 —e.

4. Connected edge domination number of B;(G)

In the following, Connected edge domination numbers of B;(P,), B5(C,) , B3(K;,) are found

and an upperbound is obtained.

Theorem 4.1: For the path Pn (n > 4) on n vertices, y¢ (B4(P,)) = l3n_3J .

2

Proof:
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Case 1: nis odd.
— | n-2 — 1 ((n—1)/2 _
Let Ar = Ui {(vi, vie)} A2 = Ui " {(Vai-1, €2i-1)} and As= {(Vn-1, €n-1)}.

Let A = A1U AU A; and |JA| = (3n-3)/2. The set A; dominates all the edges of Kn in B5(P,,) .
The set AU As dominates all the edges of L(Ps) and the edges of the form (v, €) in B;(P,) .
Therefore A is an edge dominating set of B;(P,,) . Also, < A> is a tree obtained from Pn.; by
attaching a pendant edge at voi1 (i = 1,2, ..., (n-1)/2) and at vn.1. Therefore, A is a connected

edge dominating set of B;(P,) and yc (B, (Py)) < Al =((3n-3)/2).

Let D’ be a minimum edge dominating set of B;(P,) . Since v¢(Kn) = n-2, to dominate edges
of Kn in B5(P,), D’ contains (n-2) edges. These edges dominate the edges of the form (v, e)
in B;(P,). To dominate edges of L(P,) and to maintain connectedness of < D’ >, atleast
((n+1)/2) edges are to be added to D'. Therefore, D’ contains atleast (n-2)+((n+1)/2) = ((3n-
3)/2) edges.

Hence, y¢' (B,(P,)) > ((3n-3)/2)

Case 2: nis even.

Let As = U?z/f{(VZi_l, €,i—1)} - Then the set A1U A 4 is an minimum edge dominating
set of B5(P,) and < A1U A 4> is a tree obtained from Pn.1 by attaching pendant edge at vai.1, i

=1, 2, ..., (n/2). Therefore, A1U A4 is a connected edge dominating set of B;(P,). As in

Casel, AU A4 is minimum. Hence, y¢ (B;(P,)) =|A1UA4| = (n-2)+n/2 = (3n-4)/2= l3n2_3J.

3n-3
b

By Case 1 and Case 2, yc (B,(P,)) = l —|,n>4.

Observation: yc (B,(P3)) = 2.

Theorem 4.2: For the cycle Cn (n > 3) on n vertices, vc (B;(Cp) = 13"2_11 .

Proof: LetD; = U{‘;f{(vi, Viy1)}
Case 1: nis odd.

Let D2 = UTFV/%((vyi_1, upi_1)}. Then the set D1U Dy is an edge dominating set of B5(C,)

and

< D1U D2 > is a tree obtained from by attaching a pendant edge at vj, i=1, 2, ...,(n+1)/2.
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Therefore, D1U D3 is a connected edge dominating set of B;(C,) and is minimum, as in
Case 1 of Theorem 4.1.

Hence, vc (B,(C,)) =|D1U D = (n-1)+((n+1)/2) = (3n-1)/2.

Case 2: n is even.

Let D3 = UM2{(v4i_1, Upi_1)}. Then the set D1u Ds is an edge dominating set of B5(C,) and
< D1U Ds > is a tree obtained from Py, by attaching a pendant edge at vi, i=1, 2, ...,(n/2).

Therefore, D1U D3 is a connected edge dominating set of B;(C,,) and is minimum.

Hence, v¢' (B,(C,)) =|D1U D3| = (n-1)+(n/2) = (3n-2)/2 = [3n2—1J.

By Case 1 and Case 2, yc (B,(C,) = l3n2_1J, n>3.

Theorem 4.3: For the star Kin(n > 3) on (n+1) vertices, y¢ (B;(K;,)) =2n-1.
Proof: Let F1= ULZ{(vi, vit1)} F2 = (UL iof{(vieeD D), Fa = {(v, va), (v, en)}.
Then the set F1U F2 U F3is an edge dominating set of B;(K; ) and

< F1U F2 UF3 > is a tree obtained from P, by attaching a pendant edge at all vertices, except

at vz, Therefore, F1U F2 U Fsis a connected edge dominating set of B;(K, ,) and is minimum.
Hence, v¢' (B, (K ) = | FaU F2 U Fg| = (n-2)+(n-1)+2 = 2n-1.
Theorem 4.4: Let G be a connected (p, q) graph. Then y¢ (B;(G)) < p-1+a o(L(G)).

Proof: Kj is an induced subgraph of B;(G) . Let T be a spanning tree in Kp, |E(T)|= p-1. Let
D be a minimum point cover of L(G). Then, [D|= ao(L(G)). Assume D ={eu, €2, ....ex}, where
k = ao(L(G)) and let ei€ E(G) be incident with vie E(G), i = 1,2, ...., k. Then (vj, &i )€ B5(G),
i=1,2, .. nand the set {(vi, ei )/ 1=1,2, ..., K} U E(T) is a connected edge dominating set of
B;(G). Therefore, y¢ (B,(G)) <k + p-1= p-1+ a o(L(G)).

Equality holds, if G = Cn, n> 3. Since a o(L(Cn)) = a o(L(Cn)) = E]
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Remark:
1. If y¢' (B,(G)) = 2 ifand only if G = Ps.
2. If v¢ (B,(G)) = 3 if and only if G = Ky, (or) Ps.

5. Conclusion

In this paper, Edge and Connected edge domination numbers of B(Kp, L(G), NINC) of path,

cycle, stars and corona graphs are obtained.
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